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ABSTRACT

We study the formation and long-term evolution of primordial protostellar disks harbored by first stars using
numerical hydrodynamics simulations in the thin-disk limit. The initial conditions are specified by pre-stellar cores
with distinct mass, angular momentum, and temperature. This allows us to probe several tens of thousand years of
the disk’s initial evolution, during which we observe multiple episodes of fragmentation leading to the formation of
gravitationally bound gaseous clumps within spiral arms. These fragments are torqued inward due to gravitational
interaction with the spiral arms on timescales of 103–104 yr and accreted onto the growing protostar, giving rise
to accretion and luminosity bursts. The burst phenomenon is fueled by continuing accretion of material falling
onto the disk from the collapsing parent core, which replenishes the mass lost by the disk due to accretion, and
triggers repetitive episodes of disk fragmentation. We show that the burst phenomenon is expected to occur for a
wide spectrum of initial conditions in primordial pre-stellar cores and speculate on how the intense luminosities
(∼107 L�) produced by this mechanism may have important consequences for the disk evolution and subsequent
growth of the protostar.
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1. INTRODUCTION

Cosmological-scale simulations of collapsing primordial
clouds in the early universe have been used to suggest that
the first luminous objects in the universe were stars with masses
of M � 100 M� that formed in relative isolation (e.g., Abel
et al. 2000; Bromm & Loeb 2004; Yoshida et al. 2008). How-
ever, the above numerical simulations were effectively based
on a scenario of monolithic quasi-spherical collapse of cloud
cores. Angular momentum, disk formation, and fragmentation
have added greater depth to this picture, replacing it with one
in which the collapsing primordial cores of the early universe
produce rich structure in the inner regions where disks emerge.

Although protostellar disks are a ubiquitous outcome of the
present-day star formation process, the importance of these
structures to the evolution of the first stars has begun to be
understood only recently. Saigo et al. (2004) and Machida
et al. (2008) have demonstrated that disk-like structures are
expected to form from primordial cores with a wide range of
initial rotation rates, and can fragment to yield binary pairs
of first stars. Clark et al. (2011b) were able to follow the
collapse of primordial clouds to protostellar densities and found
vigorous gravitational fragmentation in primordial disks leading
to the formation of tightly bound multiple stellar systems.
Using smoothed particle hydrodynamics (SPH) simulations
combined with the sink particle technique, Smith et al. (2011,
2012) studied the importance of accretion luminosity on disk
fragmentation and the effect of protostellar accretion on the
structure and evolution of protostars. Greif et al. (2012) most
recently performed high-resolution, three-dimensional (3D)
hydrodynamic simulations using a Lagrangian moving mesh
and found rapid migration and merging of secondary fragments
with the primary protostar.

The general picture to emerge from these simulations is that
protostellar accretion may be a highly variable process fueled

by disk gravitational instability and fragmentation, in a similar
manner to present-day star formation (Vorobyov & Basu 2006,
2010; Machida et al. 2011). However, a major problem of high-
resolution 3D studies has been the difficulty of following the
evolution of primordial protostellar disks for longer than a few
thousand years. In this study, we present gas hydrodynamics
simulations of collapsing primordial cores into a disk formation
phase using the thin-disk approximation. We adopt a barotropic
equation of state derived by Omukai et al. (2005) for the pri-
mordial chemical composition of gas. The benefit of this type
of formulation is that we are able to study the fragmentation,
evolution, and subsequent accretion of protostellar mass clumps
formed within the disk, while simultaneously maintaining res-
olution of the extended remnant parent cloud core over many
orbital periods and model realizations.

The structure of this article is as follows. We briefly describe
the numerical simulations in Section 2, including the modifi-
cations that have been made pertaining to the primordial star-
forming environment. In Section 3, we present characteristics of
the temporal evolution of our reference model, starting from the
pre-stellar phase, and ending when the mass of the protostar has
reached 45 M�. Section 3 also includes an analysis of the pro-
tostellar accretion luminosity expected to arise from the burst
mode of accretion that is unique to our model of primordial star
formation. Finally, in Section 4 we extend our discussion and
draw conclusions from these results.

2. MODEL DESCRIPTION

Our model and method of solution update the model pre-
sented in Vorobyov & Basu (2005a, 2006), with appropriate
modifications for star and disk formation in the early universe.
We follow the evolution of gravitationally unstable primordial
cores from the isolated pre-stellar stage into the protostar and
disk formation stage and terminate our simulations once about
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30% of the initial mass reservoir has been accreted onto the
protostar plus disk system. Once the disk is formed, it occupies
the innermost region of our numerical grid, while the infalling
envelope—the remnant of the parent core—occupies the outer
extent. The dynamics of both the disk and envelope are followed
self-consistently on one global numerical grid space, which en-
sures correct mass infall rates onto the disk. This is an important
prerequisite for studying gravitational instability and fragmen-
tation in young protostellar disks at all epochs (e.g., Vorobyov
& Basu 2006, 2010; Machida et al. 2010; Kratter et al. 2010).

We introduce a sink cell at rsc = 6.0 AU and impose a free
inflow inner boundary condition. In the early pre-stellar phase
of evolution, we monitor the mass accretion rate through the
sink cell and introduce a central point-mass object (representing
the forming star) when the mass accretion rate reaches a peak
value (see Figure 9 for details). In the subsequent evolution,
approximately 95% of the accreted material lands directly onto
the star, while the rest is maintained in the sink cell in order
to keep its density equal to the mean density of the gas in the
innermost 1–2 AU of the actual numerical grid. The sink cell is
otherwise dynamically inactive. It contributes only to the total
gravitational potential, so that a smooth transition in column
density is maintained from the numerical grid, into the sink cell,
and to the protostellar surface.

We solve the mass and momentum transport equations,
written in the thin-disk approximation as

∂Σ
∂t

+ ∇p · (Σvp) = 0, (1)

∂

∂t
(Σvp) + [∇ · (Σvp ⊗ vp)]p = −∇pP + Σgp, (2)

where the subscript p refers to the planar components (r, φ) in
polar coordinates, Σ is the mass surface density, P = ∫ Z

−Z
Pdz

is the vertically integrated form of the gas pressure P, Z
is the radially and azimuthally varying vertical scale height
determined in each computational cell using an assumption
of local hydrostatic equilibrium (Vorobyov & Basu 2009),
vp = vr r̂ +vφφ̂ is the velocity in the disk plane, gp = gr r̂ +gφφ̂
is the gravitational acceleration in the disk plane, and ∇p =
r̂∂/∂r + φ̂ r−1∂/∂φ is the gradient along the planar coordinates
of the disk. The planar components of the divergence of the
symmetric dyadic Σvp ⊗ vp are found in Vorobyov & Basu
(2010). The thin-disk approximation is an excellent means of
studying the evolution over many orbital periods and across a
wide parameter space.

The gravitational acceleration gp includes contributions from
the central point-mass star (once formed), from material in
the sink cell (r < rsc), and from the self-gravity of the
circumstellar disk and envelope. The gravitational potential of
the circumstellar disk and envelope is found by solving the
Poisson integral

Φ(r, φ) = −G

∫ rout

rsc

r ′dr ′

×
∫ 2π

0

Σ(r ′, φ′)dφ′√
r ′2 + r2 − 2rr ′ cos(φ′ − φ)

, (3)

where rout is the radial position of the outer computational
boundary, or equivalently, the initial radius of a pre-stellar core.
This integral is calculated using a fast Fourier transform tech-
nique which applies the two-dimensional Fourier convolution
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Figure 1. Temperature evolution of zero-metallicity gas derived from the
one-zone calculations of Omukai et al. (2005, solid line), and the piecewise
polytropic fit employed within the simulations discussed herein (dashed line);
the filled circles mark the critical turning points of the fit specified in Table 1.

theorem for polar coordinates with a logarithmically spaced ra-
dial grid (see Binney & Tremaine 1987, Section 2.8).

Equations (1) and (2) are closed with a barotropic equation of
state, based on the 1D core-collapse simulations of Omukai et al.
(2005) that included the detailed chemical and thermal processes
of the collapsing gas. Figure 1 shows the gas temperature versus
density relation from Omukai et al. (2005) for zero metallicity
(solid line) and our piecewise fit (dashed line), with the transition
points denoted by filled circles. This piecewise polytropic form
can be expressed as follows:

Pk = c2
s ρ

γk

k−1∏
i=1

ργi−γi+1
c,i , for ρc,k−1 � ρ < ρc,k , (4)

where cs = √
RT/μ is the initial isothermal sound speed, T

is the initial gas temperature, R is the universal gas constant,
and μ = 2.27 is the mean molecular weight of the primordial
gas.4 The value of the index k distinguishes the six individual
components of the piecewise form. We note that when k = 1 the
product term is unity, and the pressure reduces to P1 = c2

s ρ
γ1 .

As our simulations evolve the effective surface mass density of
the gas, the corresponding form of the barotropic relation used
in the code is

Pk = c2
s Σγk

k−1∏
i=1

Σγi−γi+1
c,i , for Σc,k−1 � Σ < Σc,k , (5)

where the transition surface and volume mass density are related
to one another through the instantaneous local scale height Z at
each point in the disk via ρc,i = Σc,i/2Z. The transition points
k, the associated mass and number volume densities at which
these transitions occur, ρc,i and nc,i , and the value of the various
associated polytropic indices are given in Table 1. Note that Σc,0

4 True for gas with volume density higher than 1010 cm−3. As a rule, our
model disks are characterized by volume densities higher than this value,
except perhaps in the very outer parts at r > 300–400 AU.
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Table 1
Parameters of the Barotropic Relation

k γi ρc,i nc,i

(g cm−3) (cm−3)

1 1.00 8.20 × 10−19 2.16 × 105

2 1.14 4.19 × 10−16 1.10 × 108

3 1.08 4.50 × 10−10 1.18 × 1014

4 1.01 1.32 × 10−7 3.47 × 1016

5 1.12 1.23 × 10−3 3.24 × 1020

6 1.42 · · · · · ·

and Σc,6 in Equation (5) are formally equal to zero and infinity,
respectively.

The initial gas surface density Σ and angular velocity Ω
profiles for the primordial cores are similar to those that have
been considered in the context of present-day star formation
(Vorobyov & Basu 2006, 2010)

Σ = r0Σ0√
r2 + r2

0

, (6)

Ω = 2Ω0

( r0

r

)2

⎡
⎣

√
1 +

(
r

r0

)2

− 1

⎤
⎦ . (7)

The radial profile of Σ is an integrated form of a Bonnor–Ebert
sphere (Dapp & Basu 2009), while that of Ω is the expected dif-
ferential rotation profile accompanying Equation (6) for a core
contracting from near-uniform initial conditions (Basu 1997).
The parameters Ω0, Σ0, and r0, are the central angular velocity,
central gas surface density, and the radius of a central near-
constant-density plateau, respectively. The latter is proportional
to the Jeans length and is defined as

r0 =
√

Ac2
s

πGΣ0
. (8)

The parameter A determines the level of gravitational domina-
tion in the initial state. It is set to 1.5 for all models considered
herein, and the initial gas temperature is set to 250 K (unless
otherwise stated). We note that we have previously shown that
the qualitative features of the protostellar accretion and disk evo-
lution are weakly sensitive to the specific profiles adopted for
the initial pre-stellar core (Vorobyov & Basu 2009; Vorobyov
2012).

To set up a model pre-stellar core using Equations (6) and (7),
the values of Σ0 and Ω0 need to be specified. The former
is found from Equation (8) by assuming a constant ratio of
the core radius rout to the radius of the central plateau r0:
rout/r0 = 6. All model cores therefore possess a similarly
truncated form. The parameter r0 is chosen so as to form cores
with mass on the order of 200 M�. This value is typical for
primordial collapsing starless cores, as found in the numerical
hydrodynamics simulations of Yoshida et al. (2006).

The central angular velocity Ω0 of our model cores are
characterized by the dimensionless parameter η ≡ Ω2

0r
2
0 /c2

s
(Basu 1997), which is related to the ratio β = Erot/|Egrav| of
rotational to gravitational energy by β ≈ 0.9η. The value of the
central angular velocity Ω0 is then calculated by choosing a
value of β appropriate for primordial cores with spin parameter
α = √

β ≈ 0.05 (O’Shea & Norman 2007). Table 2 shows a list
of parameters for the models presented in this study.

Table 2
Model Parameters

Model Σ0 Ω0 r0 Mc β T
g cm−2 (km s−1 pc−1) (pc) (M�) (10−3) (K)

Ref. 0.26 0.75 0.4 176 2.76 250
1 0.26 0.375 0.4 176 0.69 250
2 0.5 0.75 0.29 179 1.97 350

All models are run on a polar coordinate (r, φ) grid with
512 × 512 spatial zones. The inner and outer boundary condi-
tions are set to allow for free outflow from the computational
domain. The radial points are logarithmically spaced, allowing
for better numerical resolution of the inner grid, where the disk
forms and evolves. In the reference model, the innermost cell
outside the central sink has a radius of 0.11 AU and the radial
and azimuthal resolutions are about 1.9 AU at a radius of 100
AU. This resolution is sufficient to fulfill the Truelove criterion,
which states that the local Jeans length must be resolved by at
least four numerical cells (Truelove et al. 1999).

Indeed, the Jeans length of a thin self-gravitating disk can be
written as

RJ = c2
s

GΣ0
. (9)

For a surface density of Σ0 ≈ 500–1000 g cm−2 and temperature
T ≈ 1.0–1.5 × 103 K, typical for our disks at r ≈ 100 AU (see
Figures 1 and 7), the corresponding Jeans length varies between
RJ ≈ 35 and 90 AU and is resolved by roughly 17–45 grid zones
in each direction (r, φ).

Finally, we want to emphasize that we do not resort to the
use of sink particles of any sort except for the central sink cell.
The fragments studied in this paper are fully self-gravitating
protostellar embryos supported against gravity by pressure and
rotation.

3. RESULTS

In this section we consider the time evolution of our reference
model (see Table 2), starting from the pre-stellar phase and
ending once the mass of the central star reaches 45 M�. Beyond
this mass, the effect of stellar irradiation may strongly affect our
results (Hosokawa et al. 2011).

3.1. Cloud Core at the Onset of the Formation
of the Central Protostar

We start by comparing the properties of our collapsing core in
the reference model just prior to the formation of the central star
to those derived using 3D numerical hydrodynamics simulations
of collapsing primordial mini-halos. The solid lines in Figure 2
show the enclosed mass Menc versus radial distance r (top-left
panel), the gas volume density ng versus r (bottom-left panel),
the specific angular momentum L versus Menc (top-right panel),
and the radial velocity vr versus Menc (bottom-right panel). The
volume density was retrieved from the gas surface density Σ and
the vertical scale height Z using the relation ng = Σ/(2ZμmH).
We compare our model profiles with those of Clark et al.
(2011b, plus signs) and Yoshida et al. (2006, crosses). The
form of the core in the reference model is similar to those
derived using 3D simulations. For instance, the density profile
follows closely the usual r−2.2 form (shown by the dashed
line to guide the eye). A steeper falloff in the core outer regions
is caused by a finite core boundary (Vorobyov & Basu 2005b).
However, notable differences are seen in the actual values of
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Figure 2. Comparison of the core properties in the reference model with those
found using numerical hydrodynamics simulations of collapsing primordial
mini-halos. The solid lines present the radial profiles of the enclosed mass (top-
left panel) and gas volume density (bottom-left panel), and also the specific
angular momentum and radial velocity vs. enclosed mass (top-right and bottom-
right panels, respectively). The plus signs and crosses are the corresponding
data taken from Clark et al. (2011b) and Yoshida et al. (2006), respectively. The
dashed line shows the r−2.2 profile, typical for the volume density in collapsing
mini-halos.

ng, Menc, vr , and L. For instance, the gas density in our model
is about a factor of several lower than that of Yoshida et al.
(2006) and about an order of magnitude lower than that of
Clark et al. (2011b). This is primarily caused by the fact that
these authors considered more massive cores than we did in
our study. This is evident from the top-left panel showing the
enclosed mass as a function of radius. The specific angular
momentum in our model is a factor of several smaller than
that of Clark et al. (2011b) but is approaching that of Yoshida
et al. (2006) in the inner region. We could have reconciled the
numerically derived profiles by considering cores with a higher
initial positive density perturbation A and/or higher angular
momentum. This, however, would not alter our main results
because such cores would produce more massive and extended
disks, whose properties would favor gravitational fragmentation
even more (e.g., Vorobyov & Basu 2006, 2010).

3.2. Formation and Evolution of a Primordial Disk

The disk in the reference model starts to form at about
t = 1.0 kyr after the formation of the central protostar. This
delay between the formation of the protostar and the disk could
have been even shorter had the sink cell radius been smaller
than 6 AU. The first episodes of fragmentation occurred about
300–400 yr after the formation of the disk. Figure 3 shows the
gas surface density (in log g cm−2) in the inner 200 × 200 box
when the disk age is only 800 yr. The red circle in the coordinate
center represents the sink cell. Several fragments have already
formed by this time. This fragmentation timescale is longer than
that found by Clark et al. (2011b) and Greif et al. (2011), who
used sink cells with a smaller radius of 1.5 AU, but is comparable
to the fragmentation timescale found by Smith et al. (2011), who
used larger sink cells (20 AU). We note that our core is initially
of lower density and angular momentum than in those studies,
which may act to increase the disk fragmentation timescale in
our simulations.

Figure 3. Gas surface density map in the reference model showing the disk
when its age is just 800 yr. The scale bar is in log g cm−2. Multiple fragments
are already evident in the disk at this early time.

(A color version of this figure is available in the online journal.)

Figure 4 presents a series of images of the gas surface density
(logarithmic in g cm−2) for the inner thousand AU.5 The time
elapsed since the formation of the central star is indicated in each
panel. We note that the whole computational domain extends
to roughly 80,000 AU (exactly 0.4 pc) but that we focus on
the innermost regions where the disk forms around the central
protostar. The number of fragments present in the disk varies
with time, indicating that they are not long lived, either migrating
onto the star or being dispersed. In both cases, gravitational
torques from spiral arms and/or other fragments are responsible.
However, new fragmentation episodes take place because the
disk is constantly supplied with material from the parent core.
Most of the fragments form in the intermediate and outer disk
regions, in agreement with numerical models of disk evolution in
the present-day universe (e.g., Stamatellos & Whitworth 2008;
Clarke 2009).

The recurrent character of disk fragmentation is evident in
Figure 5 in which we plot the number of fragments Nf present
in the disk with time. Nf increases steadily to 10 by t = 25 kyr,
and then suddenly decreases by t = 30 Myr to Nf = 5,
suggesting that half of the fragments have migrated or been
dispersed in just 5 kyr. This is followed by a period of intense
fragmentation followed by another rapid depletion during the
subsequent 10 kyr. During the most vigourous episode of disk
fragmentation, the number of fragments in the disk peaks at
Nf = 14 at t = 50 kyr. This fragmentation burst is followed
by a deep minimum when the number of fragments drops to
just Nf = 2. It is important to note that Nf never drops to zero,
suggesting that some of the fragments may not migrate inward
but instead stay at quasi-stable wide orbits or even migrate
outward as also found in recent studies by Clark et al. (2011b)
and Greif et al. (2011).

5 The top row has a spatial scale of 1000 × 1000 AU, while the bottom row
has a scale of 1400 × 1400 AU.
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Figure 4. Gas surface density maps of the circumstellar disk in the reference model. The time elapsed since the formation of the central star is indicated in each panel.
The scale bar is logarithmic in g cm−2. The yellow dashed lines indicate radial cuts passing through several fragments that are used to calculate the radial gas surface
density profiles in Figure 7. The red dashed curve illustrates an azimuthal cut used to calculate the gravitational torques acting on a fragment in Figure 7, and the arrow
points to fragment F4 in Figure 8.

(A color version of this figure is available in the online journal.)

Figure 5. Number of fragments in the disk at a given time, as seen in the
reference model.

The consecutive increases and declines in the number of
fragments suggests that the disk approaches a limit cycle during
which periods of vigourous disk fragmentation are followed
by periods of relatively weak (to no) fragmentation. This limit
cycle behavior is possible if the typical migration timescale of
the fragments is shorter than the characteristic time required
for disk loading of material infalling from the collapsing parent
core. The disk therefore loses mass (via inward migration of
the fragments onto the star) faster than it can be replenished
via accretion from the parent core. Following significant mass
loss, the disk stays relatively dormant until sufficient mass is
accumulated to trigger another burst of fragmentation.

For a mass infall rate onto the disk of Ṁd ≈ 10−3 M� yr−1

and disk mass Md ≈ 10 M� (see Figure 9), the characteristic
timescale for disk mass loading is

tl = Md

Ṁd
≈ 10 kyr. (10)

The migration timescale tm estimated for fragments in the
reference model lies in the range of 103–7 × 104 yr, with most
fragments having migration times of just a few thousand years
(see Table 3 and Equation (12)). Hence, the mean migration
time is indeed shorter than the characteristic mass loading time.
It is worth noting that tl is in approximate agreement with
the temporal variability of 5–15 kyr over which peaks in the
distribution of fragment numbers occur in Figure 5.

To illustrate the effect of gravitational fragmentation, regions
in which the Toomre Q-parameter fall below unity are plotted
in Figure 6 (traced in black). The Q-parameter is defined as
csΩ/πGΣ. Evidently, all fragments are characterized by Q < 1.
In addition, some parts of the spiral arms are also characterized
by Q < 1 but do not yet show signs of fragmentation. Indeed,
the number of fragments at t = 40 kyr (right-hand panel) is
greater than at t = 45 kyr (left-hand panel), indicating that new
episodes of disk fragmentation took place during the intervening
period. We note that the Q-parameter in the innermost 50 AU is
greater than unity, which explains the stability of this region to
gravitational fragmentation.

The left-hand column of Figure 7 presents the gas surface
density distributions calculated along the radial cuts shown
schematically by yellow dashed lines in the upper-left panel
of Figure 4 (t = 30 kyr). Each cut has an angular width of
15◦, and is centered on the peak density of the fragment and its
surrounding minidisk. The gas surface density is averaged over
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Figure 6. Gas surface density maps for the reference model shown at t = 40 kyr (left-hand panel) and t = 45 kyr (right-hand panel) after the formation of the central
star. The contour lines delineate regions in which the Toomre Q-parameter is lower than unity. The scale bar is in log g cm−2.

(A color version of this figure is available in the online journal.)

Table 3
Fragment Characteristics

Fragment Mf MH Rf RH Σmax Tmax rf τf tm
(M�) (M�) (AU) (AU) (g cm−2) (K) (AU) (g cm2 s−2) (yr)

F1 0.08 0.1 3.5 7.3 1.3 × 105 1890 77 −13.2 4.1 × 103

F2 0.38 0.54 23.0 56.1 1.7 × 104 1800 352 −3.0 7 × 104

F3 0.35 0.46 12.0 31.1 6.2 × 104 1860 202 −11.4 1.3 × 104

F4 0.02 0.02 1.83 2.0 3.0 × 104 1840 35 −2.9 103

Note. Torque τf is in units of 8.6 × 1040.

the grid zones that are overlaid by the cut and have the same
radial distance. The top, middle, and bottom rows correspond
to cuts 1, 2, and 3, respectively. The positions of the fragments
are indicated by arrows. The characteristic r−1.5 slope is shown
as a dotted line for convenience. Evidently, the radial profile of
the gas surface density scales as Σ ∝ r−1.5, which is typical
for self-gravitating disks in present-day star formation (e.g.,
Vorobyov & Basu 2007, 2009). The typical gas volume density
averaged over the azimuthal angle is a few ×1014 cm−3 at
r = 10 AU and it drops to about a few ×1011 cm−3 beyond
100 AU. These values are in reasonable agreement with 3D
numerical hydrodynamics simulations of disk formation around
primordial protostars (Clark et al. 2011b).

The right-hand side column in Figure 7 presents the gas
surface density distributions (solid lines) and normalized
gravitational torques (dashed lines) calculated along the
azimuthal cuts passing through each of the fragments. One such
cut is shown by the red dashed curve in the upper-right panel of
Figure 4 for illustration. The width of the cuts is 10 grid zones,
which, depending on the radial position, translates into a radial
width of 15–55 AU. The gravitational torque is calculated as
τ = −m(r, φ) ∂Φ/∂φ, where m(r, φ) is the gas mass in a cell
with polar coordinates (r, φ). The gas surface density and inte-
grated torque are averaged over the grid zones that are overlayed
by the cut and have the same radial distance.

Figure 7 shows that the gas surface density in fragments is
higher by about two orders of magnitude as compared to local
disk values. The behavior of the normalized gravitational torque

is interesting in that it exhibits a steep rise to a maximum positive
value on the leading part of the fragment (greater azimuthal
angles) and a deep drop to a minimum negative value on the
trailing part (smaller azimuthal angles). The absolute value of
τ is several orders of magnitude lower everywhere else. This
specific form of τ in profile is caused by tidal forces acting on
the fragment from the rest of the disk and, in particular, from the
spiral arms within which the fragments are usually nested. The
trailing part of the arm (with respect to the fragment) exerts a
negative gravitational torque and pulls the fragment back, while
the leading part of the arm exerts a positive torque and pulls the
fragment forward in the direction of rotation. The resulting tidal
force tends to shear apart the fragment, but the fragment’s own
self-gravity prevents it from dispersing.

To calculate the properties of the fragments, we designed an
algorithm that located the fragments in the disk and calculated
their mass Mf , maximum surface density Σmax, physical and Hill
radii Rf and RH, mass within the Hill radius MH, radial distance
of the fragment rf , and the integrated gravitational torque acting
on the fragments τf . In particular, the Hill radius is

RH = r

(
Mf

3(Mf + M∗)

)1/3

, (11)

where M∗ and Mf are the masses of the star and fragment,
respectively. The radius of the fragment Rf is calculated from
the known area occupied by the fragment, assuming a circular
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Figure 7. Left column: radial gas surface density profiles calculated along the radial cuts passing through several individual fragments shown in Figure 4 by yellow
dashed lines. The number of the corresponding cut is indicated in each panel. Arrows point to the radial position of the fragments. The dotted lines show an r−1.5

radial profile for comparison. Right column: the azimuthal profiles of the gas surface density (solid lines) and normalized gravitational torque (dashed lines) calculated
along the azimuthal cuts passing through the same fragments. One of these cuts is shown schematically in Figure 4 by the red dashed curve.

shape. Additional details of the tracking algorithm are described
in Appendix B.

Figure 8 presents zoomed-in gas surface density maps of four
typical fragments. Fragments F1–F3 are named for the radial
cuts denoted by the yellow dashed lines passing through the
corresponding fragments in Figure 4. Fragment F4 is marked
in Figure 4 by the arrow. Fragment positions, as determined by
our fragment-tracking algorithm, are outlined in black, and their
properties listed in Table 3.

All of the individual fragment radii Rf are smaller than
their respective Hill radii RH (see Figure 8), indicating that the
fragments are gravitationally bound objects. Fragment masses
Mf lie in the range 0.02–0.38 M�. As the mass located within
the Hill radius MH is always greater than Mf , the excess material
can be interpreted as a minidisk. The presence of minidisks is
most evident around fragments F1–F3 in Figure 8. Fragment
F4 is interesting in that its radius is nearly equal to the Hill
radius, which is a manifestation of tidal stripping; it is also the
least massive of the four fragments. In general, the closer the

fragment is located to the central protostar, the smaller its radius
and mass.

The orbital dynamics of the fragments depends on the sign of
the integrated gravitational torque acting on them. As indicated
from the data in Table 3, all of the fragments in Figure 8
migrate inward. We note that occasional outward migration of
the fragments as a result of N-body-like gravitational scattering
was also found in our models. The migration timescale can be
estimated as follows. A (small) change in the angular momentum
of a fragment (mass Mf) on a Keplerian orbit, due to a (small)
change in the orbital distance of the fragment drf can be
written as dL = (1/2)Mfvfdrf , where vf = (GM∗/rf)1/2. The
migration velocity of the fragment is then

vm = drf

dt
= 2 dL

dt

Mfvf
. (12)

Noticing that dL/dt = T , where the latter quantity is calculated
as the sum of all individual gravitational torques τ acting on the
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Figure 8. Zoom-in images of four typical fragments present in the disk at t = 30 kyr in Figure 4. Fragments F1–F3 are named after the radial cuts that pass through
the corresponding fragments, while fragment F4 is indicated by the arrow. The black contour lines delineate the fragments as determined by our fragment-tracking
algorithm, while the yellow line outlines the Hill radius. The scale bar is logarithmic in g cm−2.

(A color version of this figure is available in the online journal.)

fragment, the characteristic migration time is

tm = rf

vm
= L

2T
. (13)

The estimated migration timescale from each fragment is listed
in Table 3. Fragment F4 and F2 have the shortest/longest
migration timescales, of 103 yr and 7 × 104 yr, respectively. We
note that these values are instantaneous migration timescales,
and that their migration patterns may change as more envelope
material accretes onto the disk. Nevertheless, these migration
timescales indicate that most of the fragments that are seen in
the disk at t = 30 kyr will eventually have migrated onto the
forming protostar by the end of our simulations, at t = 55 kyr.
The number of fragments in Figure 4 does not steadily decline
in time because subsequent generations of disk fragmentation
continue to be fueled by mass loading from the infalling
envelope (e.g., at t = 50 kyr).

Ultimately, fragments that survive tidal stripping and/or
shearing will pass through the inner boundary of the simulation,
after which the evolution may branch into one of two possibili-
ties. If the fragment survives tidal stripping and shearing, it may
settle into a close orbit and form a low-mass companion close

to the central star. Alternatively, the fragment may merge with
or be tidally destroyed by the central star, releasing its gravita-
tional energy in the form of a strong luminosity outburst. The
latter possibility has been suggested by the recent numerical
hydrodynamics simulation of Greif et al. (2012). We consider
this phenomenon in more detail below.

3.3. Accretion and Luminosity Bursts

Temporal evolution of the mass accretion rate in the reference
model is shown in the top panel of Figure 9, from the disk onto
the protostar (solid line), together with the smoothly varying
accretion rate of material from the envelope onto the disk
at 3000 AU (dashed line). The formation of the protostar is
marked by the sharp peak in the mass accretion rate; we fix
this point as t = 0 and count time forward from here. The
protostar then accretes material from the immediate surrounding
envelope at the rate of a few times 10−3 M� yr−1, growing
to 6.0 M� yr−1 within approximately 2 kyr. At this point, the
accretion is temporarily halted by the formation of a quasi-
Keplerian disk.

Accretion quickly resumes as the disk grows in mass and
the influence of gravitational torques acting within the disk

8
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Figure 9. Top: mass accretion rates, from the disk onto the central protostar
(solid), and from the remnant cloud core onto the disk at 3000 AU (dashed).
Middle: temporal evolution of the masses of the protostar and its disk.
Punctuated increases in the protostar mass, associated with burst events,
correspond to the momentary decreases in disk mass. Bottom: accretion
luminosity associated with the mass accretion rate onto the protostar.

continues to redistribute matter and angular momentum. We
calculate the mean accretion rate in 1000 year intervals fol-
lowing the formation of the quasi-Keplerian disk, finding Ṁ to
decline steadily from approximately 10−3 to 10−4 M� yr−1 over
the course of the simulation. However, this smoothed back-
ground of accretion is punctuated by significant burst events
during which clumps of typically ∼0.03 M� in size are accreted
on timescales of less than 100 yr (e.g., fragment F4 in Figure 8).
A select few individual burst events involve the accretion of
clumps of ∼1.0 M�. This results in effective mass accretion
rates of ∼10−1 M� yr−1, with the most extreme rates as high
as 1.0 M� yr−1. Such large fluctuations in the accretion rate are
the characteristic signature of gravitationally induced fragmen-
tation within the disk, and subsequent accretion of the fragments
onto the protostar.

The cumulative effect of these two disparate modes of
accretion is summarized by the mass growth curves in the

middle panel of Figure 9. The protostar mass (solid line) grows
rapidly over ∼5 kyr during an initial phase of smooth accretion,
continuing to increase steadily thereafter. However, the burst
mode of accretion is also evident through abrupt increases in
mass of a few M� at a time. These increases are typically
followed by plateaus during which the mass of the protostar
changes very little, while the disk equilibrates back into a
quasi-Keplerian state. Each burst event is also mirrored by a
corresponding decrease in the total disk mass (dashed line).
Overall, however, the disk mass continues to increase due to the
accretion of material from the remnant parent cloud core.

An object’s luminosity during the early stages of protostellar
evolution can be effectively characterized by the accretion
luminosity alone. This is estimated by the dissipation of kinetic
energy from infalling disk material landing on the protostellar
surface:

Lacc = GM∗Ṁ
2R∗

, (14)

where M∗ is the mass of the protostar, Ṁ is the accretion rate
from the disk, and R∗ is the protostellar radius. To determine
R∗ in the absence of a detailed model for the stellar interior,
we adopt the evolutionary model of Omukai & Palla (2003),
and following Smith et al. (2011), employ simple power-law
approximations for the protostar radius during each phase of its
evolution.

Following the initial collapse of the cloud core, Stahler et al.
(1986) showed that the protostellar radius grows according to
a mixed power law of the form R∗∝M0.27

∗ Ṁ0.41
−3 ; for notational

convenience we use Ṁ−3 to denote the ratio of the actual mass
accretion rate Ṁ to the fiducial value of 10−3 M� yr−1 (Omukai
& Palla 2003). However, this growth is exacerbated once the
internal temperature of the protostar rises sufficiently to drive
a wave of luminosity outward from the core. The result is a
sudden and rapid expansion of the stellar surface. Once this
wave reaches the surface of the star itself, the interior is able
to relax, and the protostar begins Kelvin–Helmholtz contraction
toward the main sequence. The following power-law relations
therefore approximate the evolution of R∗ through these distinct
phases, as well as the transitions between them (Smith et al.
2011):

R∗ =

⎧⎪⎨
⎪⎩

26M0.27
∗ Ṁ0.41

−3 , M∗�M1

A1M
3
∗ , M1�M∗�M2

A2M
−2
∗ , M2�M∗ & R∗<Rms

. (15)

The constants A1 and A2 are matching conditions that ensure
the functional form of R∗ remains smoothly varying during the
transitions.

The mass parameter M1 marks the transition between the adi-
abatic phase of growth and the arrival of the luminosity wave at
the protostellar surface; M2, the transition between the luminos-
ity wave driven expansion and subsequent Kelvin–Helmholtz
contraction. M1 and M2 are fixed by the instantaneous mass ac-
cretion rate as the protostar transitions between phases, and are
defined as

M1 = 5Ṁ0.27
−3 ,

M2 = 7Ṁ0.27
−3 .

(16)

Although this model was originally developed under the
assumption of a constant mass accretion rate, evolution of the
interior can be assumed to occur roughly adiabatically due to
the long cooling time of the protostellar interior. As a result,
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significant rapid variability in R∗ is not expected while the
Kelvin–Helmholtz timescale is much longer than the accretion
timescale.

The bolometric accretion luminosity Lacc for our reference
model is presented in the bottom panel of Figure 9. Lacc reaches
a value on the order of 104 L� almost immediately at the
time the protostar is formed, and continuing to vary slowly
about this level over the course of the simulation, typical for
protostars of primordial composition (e.g., Smith et al. 2012).
After the disk is formed at t = 2 kyr, the accretion luminosity
demonstrates a highly variable pattern of behavior with high-
intensity bursts (up to 107 L�) superimposed on the lower
baseline value (∼104 L�). This highly variable luminosity may
have important consequences for the disk evolution, but more
accurate numerical simulations taking into account the heating/
cooling balance are needed to assess this effect.

Spiral arms are formed when the destabilizing effects of self-
gravity become comparable to, or dominate over, the stabilizing
effects of pressure and shear. If the Toomre Q-parameter
within the arm drops below unity, sections of the arm may
collapse to form bound fragments. The accretion bursts occur
when these fragments are driven onto the protostar by the
gravitational torques of the spiral arms and/or other fragments.
The temporal evolution of Q and the integrated torque T can
be used to illustrate this phenomenon, with Q serving as an
approximate stability criterion, and T roughly expressing the
efficiency of angular momentum and mass redistribution by
spiral inhomogeneities within the disk (Vorobyov & Basu 2006).
As we are interested in the global properties of the disk (instead
of their local variations), we calculate an approximate global
value of Q = c̃sΩ/(πGΣ), averaging c̃s, Ω, and Σ over all of
the computational grid zones of the inner 500 AU region within
which the disk is localized. The quantity c̃s = (dP/dΣ)1/2 is
the effective sound speed.

Figure 10 presents the mass accretion rate onto the protostar
(in black) and the integrated gravitational torque normalized
to a local maximum value (in red) as a function of the time
elapsed since the formation of the protostar from our reference
model. We focus on a short period of the evolution in order
to make the interdependence between the bursts, integrated
torque, and Q-parameter clearly visible. For the same reason,
we also plot the mass accretion rate on a linear scale here. The
red line shows that Q is smallest just before a burst, and its
value rises sharply afterward, reflecting a transient decrease in
the disk mass caused by fragments passing through the inner
computational boundary. The integrated torque grows before
each burst, reaching a maximum value at the moment of the
burst itself due to strong gravitational interaction between spiral
arms and fragments as the latter are torqued onto the protostar.
After the burst, the integrated torque returns to a marginal
value. We note that the Q-parameter in Figure 10 does not
explicitly drop below unity—a typical value for gravitational
fragmentation—because of the averaging over the entire disk;
local values of Q (Figure 4) do drop below unity in the densest
parts of the spiral arms and in the fragments.

3.4. Parameter Space Study

We next consider two additional models with the purpose
of exploring the robustness of the accretion and luminosity
burst phenomena. We choose primordial cores with a lower
initial angular momentum (Model 1) and another with a higher
initial temperature (Model 2) than in our reference model.
These choices are motivated by numerical studies of the burst

Figure 10. Top: mass accretion rate onto the protostar (black solid line) and
the global Toomre Q-parameter (red dashed line) vs. time elapsed since the
formation of the protostar. Bottom: mass accretion rate onto the protostar (black
solid line) and the integrated gravitational torque by absolute value (red dashed
line) vs. time. See the text for an explanation of the interdependence between
these quantities.

(A color version of this figure is available in the online journal.)

phenomenon in present-day star formation that have shown
both the number and intensity of such bursts to diminish
with decreasing angular momentum and increasing temperature
of the parent core (Vorobyov & Basu 2010). The specific
parameters of each model are listed in Table 2.

Figure 11 presents the mass accretion rates (top row), disk and
stellar masses (middle row), and accretion luminosity (bottom
row) for Model 1 (left column) and Model 2 (right column).
We terminate the simulations when the mass of the central
objects reaches 45 M�. Although the burst phenomenon is still
occurring, the strength of the accretion and luminosity bursts
is somewhat lowered in comparison with our reference model.
Though some of the luminosity bursts exceed 107 L� in the
reference model, in Models 1 and 2 most of the bursts stay
between 106 and 107 L�.

The apparent decline in the strength of the bursts in Model 1
is caused by a notable decrease in the corresponding disk mass
as compared to the reference model. Model 1 is characterized
by a factor of four smaller ratio of the rotational to gravitational
energy β than in the reference model, which leads to a delayed
formation of the disk and overall lower disk mass. Low-mass
disks are less prone to gravitational fragmentation than their
high-mass counterparts, and their masses are correspondingly
lower. The solid line in the middle-left panel in Figure 11
indicates that the typical mass of the accreted fragments in
Model 1 does not exceed 1.0 M�, whereas in the reference
model the fragments are of a few solar masses by the time
they are accreted onto the protostar. This explains the somewhat
weaker strength of the bursts in Model 1.
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Figure 11. Mass accretion rates (top row), disk and stellar masses (middle row), and accretion luminosity (bottom row) vs. time elapsed after the formation of the
protostar for Model 1 (left column) and Model 2 (right column). The solid lines in the top row show the mass accretion rate onto the protostar, while the dashed lines
yield the mass infall rate at 3000 AU. The solid and dashed lines in the middle row are the masses of the protostar and the disk, respectively.

Model 2 has a higher initial temperature (T = 350 K)
and hence a higher disk temperature (because of the adopted
polytropic equation of state) than the reference model (T =
250 K). For instance, the gas temperature at r = 100 AU in
Model 2 at t = 30 kyr is approximately 1500 K, while in the
reference model it is ≈1100 K. The contrast becomes stronger
closer to the protostar. High-temperature disks are also less
prone to gravitational fragmentation because they have a higher
Toomre Q-parameter than their low-temperature counterparts.
This effect is somewhat offset by a higher mass infall rate onto
the disk as indicated by the dashed lines in Figure 11. As a
result, the variations in accretion and luminosity in Model 2 are
of smaller amplitude than in the reference model, but the burst
phenomenon is still well pronounced. We also ran a model with
a factor of 1.5 smaller initial core mass than that of the reference
model but similar β, which yielded essentially similar results to
those of Model 1. Obviously, models with increased β and/or
Mc that would yield an even more intense profile of bursts are not
considered here. We conclude that the accretion and luminosity
bursts are a robust phenomenon, which is expected to occur for
a range of initial primordial core masses, angular momenta, and
temperatures.

4. DISCUSSION

Our parameter study successfully demonstrates the robust-
ness of the burst accretion phenomenon across a wide range
of configurations in mass, rotation rates, and temperatures. We
find the formation of a quasi-Keplerian disk to be the outcome
of the gravitational collapse of primordial pre-stellar cores. The
disk expands quickly in radial extent to several hundred AU
within just a few kyr of the formation of the central protostar. In
agreement with Clark et al. (2011b), as has been found in studies
of present-day star formation (e.g., Vorobyov & Basu 2007), we
find that the disk exhibits a near-constant Toomre Q-parameter
∼1. Figure 11 demonstrates that this is not only true initially,
but holds over a substantial tract of time, ∼80 kyr.

Studies of mass accretion during primordial star formation
have focused primarily on the smooth accretion of material
onto the protostar, reminiscent of Larson–Penston type analytic
solutions (e.g., Omukai & Palla 2003). Recently, Smith et al.
(2011) studied the multiplicity of fragmentation events in
somewhat larger cloud cores. They found the accretion rates
varied due to the motions of the protostellar fragments through
regions of alternately high- and low-density gas within the
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natal environment, with initial accretion rates of 10−2 M� yr−1

that then declined to 10−3 M� yr−1; in approximate agreement
with analytic solutions. Indeed, we find similar mass accretion
rates onto the disk of ∼10−3 M� yr−1. However, this source of
infalling material is responsible for the mass loading of the disk
and its subsequent fragmentation (Section 3.1), which is the
ultimate origin of the variability in the actual rate of accretion
onto the protostar.

The burst mode of accretion thus represents an entirely
novel mechanism in contrast to either the classical analytic
scenario of monolithic accretion, or that due to the motion
of individual protostellar fragments. The resupply of material
infalling onto the disk at large radii establishes a pattern
of recurrent gravitational instability driven fragmentation, as
has been seen in models of present-day disk evolution (e.g.,
Vorobyov & Basu 2006). In analogous studies by Smith et al.
(2012) it has been noted that the number of fragmentation events
actually increases steadily in time. We find a similar steady
increase initially (Figure 7). However, SPH implementations
may be limited in their ability to resolve small-scale torques
that may act to shear objects apart, and long-term temporal
resolution is required to resolve the variability and seeming
periodicity in the rate of fragment formation observed in the
simulations presented herein.

The large-amplitude variations in the mass accretion rates
are also responsible for giving rise to a correspondingly large-
amplitude time-varying accretion luminosity (Figure 8). Al-
though the accretion luminosity associated with primordial star
formation is often regarded as only a mild heating source
(McKee & Tan 2008; Hosokawa et al. 2011), the nature of
episodic accretion suggests that the accretion luminosity itself
may exceed prior estimates by a factor of between 10 and
100 times. This may raise the profile of the heating rate due
to accretion to be comparable to that from gas compression.
However, our polytropic modeling of the gas thermodynamics
is the primary caveat limiting our ability to analyze the com-
plete effect of this heating mechanism on the disk’s evolution.
The robustness of our simulation results, with respect to higher
disk temperatures, however, suggest that this mechanism may be
self-regulating, with increased heating due to bursts stymieing
fragmentation, allowing the disk to cool, and in-turn increasing
again the fragmentation likelihood.

Although most fragments are torqued inward and onto the
central protostar, contributing to the luminosity bursts, several
alternative fates also exist. Fragments capable of settling into
stable orbits may evolve in conjunction with their hosts to form
binary pairs of first stars (e.g., Machida et al. 2008). In fact,
Suda et al. (2004) has shown that the abundance patterns of at
least two hyper metal-poor ([Fe/H] < −5) stars (Christlieb et al.
2001; Frebel et al. 2005) can be explained by a unique history
of mass transfer onto a first-generation low-mass binary star.

Finally, we note that several of the fragments (F2, for example,
in Figures 4 and 8) are seen being ejected to substantially larger
orbits as a result of N-body-like interactions. Recent studies
by Clark et al. (2011b) and Greif et al. (2011) noted similar
dynamically chaotic interactions between fragments formed in
those simulations. Although these fragments are most often
sheared apart in the outer disk, we posit that a low-mass
fragment—that is itself self-gravitating—may be ejected from
the protostellar embryo as seen in simulations of present-day star
formation (Vorobyov & Basu 2012). This raises the tantalizingly
possibility of a heretofore unseen population of low-mass
primordial stars that may have survived into the present day.

5. MODEL CAVEATS

The thin-disk approximation. The applicability of the thin-
disk approximation in our models is discussed in Appendix A.
Here, we want to stress three additional points. First, the aspect
ratio A of the disk scale height Z to radial distance r strongly
depends on the disk-to-star mass ratio ξ (see Equation (A1)) and
consequently on the initial conditions in the primordial cores.
Massive cores with high angular momentum are expected to
form massive disks soon after the formation of the protostar.
These disks can be characterized by high ξ � 1.0 and,
consequently, by high A � 1.0 (Clark et al. 2011b). Our
models have ξ < 0.5, which allows us to use the thin-disk
limit. Second, the disk structure is quite irregular and the
thin-disk approximation may break locally, even though it is
fulfilled globally. And finally, full 3D numerical simulations of
present-day star formation (e.g., Machida et al. 2011) confirmed
robustness of the burst phenomenon originally discovered using
the thin-disk simulations (Vorobyov & Basu 2005a, 2006). The
3D simulations of primordial star formation already showed
quick inward migration of the fragments on short timescales
(Greif et al. 2012) and we await confirmation of the repetitive
nature of the burst phenomenon on long timescales.

Barotropic equation of state. In the present study, we approxi-
mated the thermal balance of the gas using a barotropic equation
of state. During the collapse of a cloud core the major heating
source comes from compression and the barotropic approxi-
mation is justified. However, once star formation is underway,
radiative cooling and stellar irradiation may produce a range of
temperatures that cannot be explained by a simple barotropic
approximation (Clark et al. 2011a). Numerical simulations of
fragmenting barotropic disks seem to yield more fragments than
those that take into account a detailed thermal balance (e.g.,
Stamatellos & Whitworth 2009). We note, however, that the
burst phenomenon in the present-day star formation, originally
discovered using a barotropic equation of state (Vorobyov &
Basu 2006), was later shown to exist when more detailed ther-
mal physics calculations were taken into account (Vorobyov &
Basu 2010).

Stellar irradiation. A burgeoning protostar may start affecting
its surroundings quite early in the evolution. For the mean
accretion rate of 10−3 M� yr−1, a characteristic upper limit
in our models, stellar UV irradiation becomes notable at a
mass of about M∗ = 15 M� (Smith et al. 2011; Hosokawa
et al. 2012). Our numerical simulations extend to the time
instant when the mass of the protostar reaches 45 M�, meaning
that the disk evolution may be affected by the lack of stellar
irradiation. Numerical simulations taking into account a more
detailed thermal balance are needed to access the effect of stellar
irradiation on the burst phenomenon.

6. CONCLUSIONS

We have investigated the gravitationally induced collapse of
pre-stellar cores having pristine primordial gas composition,
using nonaxisymmetric hydrodynamics simulations in the thin-
disk limit. The gas thermal chemistry is modeled with a
barotropic relation adapted from Omukai & Palla (2003). We
follow these simulations, in the absence of protostellar feedback,
to the point at which UV ionizing irradiation from the central
star would become important (while M � 45 M�). Our main
conclusions are as follows.

1. Recurrent gravitational instability driven fragmentation and
accretion of the fragments is an important mechanism

12



The Astrophysical Journal, 768:131 (14pp), 2013 May 10 Vorobyov, DeSouza, & Basu

through which protostars accumulate mass in the early uni-
verse. This mechanism is mediated by smooth mass in-
fall from the surrounding envelope at Ṁ ≈ 10−3 M� yr−1.
As mass is loaded onto the disk, gravitational instabil-
ity eventually induces fragments to form, and these are
then driven onto the protostar—resulting in Ṁ of up
to 10−1 M� yr−1—by gravitational torques acting within
the disk.

2. The burst mode of accretion is sensitive to variations in
the initial conditions (mass, rotation rate, and tempera-
ture) of the parent core, with the strength of bursts de-
creasing for decreasing β—the ratio of the magnitudes of
rotational to gravitational energy—and/or increasing disk
temperature T.

3. We have considered cloud core masses and rotation rates
that are somewhat lower than those derived from the numer-
ical hydrodynamics simulations of collapsing primordial
mini-halos (e.g., Yoshida et al. 2006; Clark et al. 2011b).
Even in this case, however, the burst phenomenon could
not be entirely suppressed, and is expected to be more
vigourous for other possible initial conditions. We con-
clude that the burst mode of accretion is likely a robust
phenomenon in primordial star formation.

4. Accretion luminosity produced by episodic mass accretion
may contribute significantly to the heating of material
in the immediate vicinity of the protostar, but numerical
simulations taking into account the heating/cooling balance
are needed to assess this effect.

5. Not all fragments eventually migrate inward and onto the
protostar; some of the fragments are seen being ejected to
the outer regions of the disk, in line with previous studies
by Clark et al. (2011b) and Greif et al. (2011). Given
the implications for low-mass primordial star formation,
the likelihood for survival of these fragments needs to be
studied.
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APPENDIX A

THIN-DISK APPROXIMATION

The applicability of the thin-disk approximation hinges upon
the geometry of the considered configurations. Elongated shapes
are typical for protostellar disks in nearby star-forming regions.
Specifically, the thin-disk approximation is well justified as
long as the aspect ratio A = Z/r of the disk vertical scale
height Z to radial distance in the plane of the disk r does not
considerably exceed 0.1. This condition is usually fulfilled for
disks with sizes up to 1000 AU (see, e.g., Vorobyov & Basu
2010), but its applicability may be less obvious for the evolution
phase immediately preceding disk formation, when material
accretes directly from the infalling core onto the forming star.
Nevertheless, the temporal behavior and magnitude of the
accretion rate onto the star is very similar in the pre-disk stage

Figure 12. Aspect ratio A of the disk vertical scale height to radius (Z/r) as a
function of radius (r) in the reference model at t = 30 kyr after the formation of
the central star. The solid line presents the data calculated using the assumption
of local vertical hydrostatic equilibrium and the dashed line is derived using
Equation (A1).

for spherically symmetric and disk-like cores (Vorobyov & Basu
2005a, 2006), ensuring that the stellar masses are calculated
accurately in our simulations. Below we provide some analytical
and numerical estimates justifying our use of the thin-disk
approximation.

In a Keplerian disk, the aspect ratio A = Z/r can be
expressed as (Vorobyov & Basu 2010)

A � Qcr Md(r)

CM∗
, (A1)

where Md(r) = ∫
Σ(r, φ) r dr dφ is the disk mass contained

within the radius r, M∗ is the mass of the central star, Qcr is the
critical Toomre parameter, and C is a constant, the actual value
of which depends on the gas surface density distribution Σ in the
disk. For a disk of constant surface density, C is equal to unity
and for the Σ ∝ r−1.5 scaling typical for gravitationally unstable
disks (see Figure 7), C = 4. Adopting a conservative value of
C = 2 and setting Qcr to unity—characteristic for fragmenting
disks—we obtain the radial profile of A shown in Figure 12
by the dashed line. The ratio Md(r)/M∗ was calculated using
the reference model at t = 30 kyr. Evidently, the aspect ratio
derived using analytic considerations is smaller than 0.2 in the
inner several thousand AU, which validates our use of the thin-
disk approximation. We note however that this approximation
may become only marginally valid at large r where Md(r)/M∗
approaches its maximum value.

This estimate is confirmed by the exact calculations of the
disk scale height in our models. The azimuthally averaged radial
distribution of the aspect ratio A = Z/r in the reference model
at t = 30 kyr after the formation of the central star is shown
by the solid line in Figure 12. The vertical scale height Z is
calculated assuming local vertical hydrostatic equilibrium in the
disk using the method described in Vorobyov & Basu (2009).
Figure 12 reinforces our analytical estimate and demonstrates
that the thin-disk approximation is certainly obeyed within the
actual disk, which, according to Figures 4 and 7, does not exceed
1000 AU in radius. Within this radial extent, the corresponding
aspect ratio is below 0.25. Only at radial distances well in excess
of 1000 AU might the thin-disk approximation be violated.

Finally, we note that the thin-disk approximation assumes the
absence of vertical motions, which turns the usual momentum
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equation for the z-component of the gas velocity into the
equation describing the local vertical hydrostatic equilibrium.
This assumption is used to calculate the scale height Z and the
aspect ratio A in Equation (A1). Therefore, a possible thick disk
that is not in vertical hydrostatic equilibrium is not accessible
through our modeling.

APPENDIX B

FRAGMENT IDENTIFICATION ALGORITHM

In the absence of sink particles, fragment identification on
the computational mesh becomes a challenging task. Although
from a numerical point of view the fragments are no different
than from the rest of the disk, they can be identified based on
the following set of physical criteria. First, we scan the disk and
locate local maxima in the gas surface density that satisfy

Σ > Σ100

( r

100 AU

)−1.5
, (B1)

where Σ100 is the gas surface density at a distance of 100 AU
from the central star, and r is the radial distance in AU. A
value of Σ100 = 5000 g cm−2 is chosen to represent typical
densities of the fragments at 100 AU, based on the radial gas
surface density profiles shown in Figure 7. Consequently, this
criterion helps to filter out local maxima, e.g., spiral arms, while
retaining those that represent the true fragments, which are
usually characterized by a much higher density than the rest
of the disk.

After the radial and angular coordinates (rc, φc) of the local
maximum representing the center of a fragment have been
identified on the computational mesh, we determine which of the
neighboring cells also belong to the fragment by imposing the
following two conditions on the gas pressure P and gravitational
potential Φ:

∂P

∂r ′ +
1

r ′
∂P

∂φ′ < 0, (B2)

∂Φ
∂r ′ +

1

r ′
∂Φ
∂φ′ > 0, (B3)

where r ′ = r − rc and φ′ = φ − φc. The first condition mandates
that the fragment must be pressure supported, with a negative
pressure gradient with respect to the center of the fragment. The
second condition requires that the fragment be kept together by
gravity, with the potential well being deepest at the center of
the fragment. Although substantial support against gravity may
be provided by rotation, we assume it to not invalidate the first
criterion.

In practice, we start from the center of the fragment and
proceed in eight directions (along the coordinate directions and
also at a median angle to them) until one of the above gradient
criteria (or both) are violated. This procedure helps to outline
an approximate shape of the fragment. We then check all the
remaining cells that are encompassed by this shape and retain
only those that meet both criteria. In addition, we filter out
those cells with a gas surface density lower than that defined by
Equation (B1) with Σ100 = 5000 g cm−2.
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