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Формирование баров  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Модель без балджа

Abraham et al. 1999, Merrifield et al. 2000;   Binney & Tremaine 2008

• быстрое формирование бара

• рост плотности в центре (псевдо-балдж)

• разрушение бара, повторное формирование

• Почему 0.9 < Rc/Rb < 1.3 ?

• Почему наблюдается меньше баров на z > 0.5 ?



Проблема и постановка задачи
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• ILR запрещает 
формирование бара 
 

“Most real bars are not made by the bar instability”

Sellwood 2000;  Kormendy 2013
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Численные бары в моделях с каспом

Nd = 0.8M , Nb = 0.8M , Nh = 1.0M

Widrow et al., 2008 ApJ 679, 1239 (WPD)



Модель

1. Экспоненциальный диск   Md, Rd, zd; σ0, Rσ

5Widrow et al., 2008 ApJ 679, 1239 (WPD)
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3. Гало (темное, звездное и толстый звездный диск)   ρh, ah, α, β   



Модель ― параметры диска
• пов. плотность (KG, JJ) 

- 48 M⊙/pc2

Just A., Jahreiss H., 2010 (JJ) 
Kuijken, K., & Gilmore, G. 1991 (KG)
Widrow et al., 2008 (WPD) 

Holmberg et al. (2009) A&A 501, 941

Geneva-Copenhagen survey

• радиальная дисперсия (WPD)

- 25 km/s
• характерные размеры (WPD, JJ)
- 2.9 kpc, 300 pc

• масса (WPD):
- 4.2 1010 M⊙
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Модель ― параметры балджа

• показатели (WPD)

- n=1.118 —> p=0.5

Golubov, Just (2013) IAUS 295, 231

Table 1. Properties of samples used for our analysis.

Description Source N stars α
G dwarfs, thin disc Lee et al. (2011) −0.04 ± 0.02
G dwarfs, thick disc Lee et al. (2011) 0.04 ± 0.02
M dwarfs West et al. (?) 0.19 ± 0.01
GCS Holmberg et al. (2009) −0.02 ± 0.01
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Fig. 3. Data of Sofue et al. (?) with different V0 showing negligible
influence inside R < 1 kpc. Dehnen bulges with different cusp slopes
γ, which match the maximum.

3.1. Bulge

Dehnen models We use mainly Dehnen (1993) models for the
bulge. In the spherical case we have

ρ(y) =
ρ0

yγ(1 + y)4−γ
, (8)

Mr(y) = Mtot

(

y

1 + y

)3−γ

, (9)

V 2
c (y) =

GMtot

a
y2−γ(1 + y)γ−3, (10)

where y = r/a is dimensionless radius, Mr is enclosed mass,
and ρ0 is central density,

ρ0 =
(3 − γ)Mtot

4πa3
(11)

The Hernquist model corresonds to γ = 1 and the Jaffe model
with isothermal cusp to γ = 2. For γ > 2 the rotation curve is
singular at the centre and for γ ≥ 3 the enclosed mass diverges.
For γ > 2 the rotation curve has maximum at y = 2 − γ. For
reproducing the maximum of Vm = Vc(rm) with different γ’s
one needs to choose

a = rm/(2 − γ) Mm = Mr(rm) =
rm

G
V 2

m (12)

leading to

Mtot = Mm

(

3 − γ

2 − γ

)3−γ

(13)

For a Hernquist model the maximum is at rm = a and the en-
closed mass is Mtot = 4 Mm. For a shallow cusp with γ = 0.5
we have Mtot = 3.59 Mm and for a steeper cusp with γ = 1.5
we find Mtot = 5.2 Mm. Fig. 3 demonstrates Sofue et al. (?)
inner rotation curve in logarithmic scale, thus best resolving the
innermost kiloparsec of the Galaxy, where the buldge dominates.
The uncertainty of the LSR makes us to use different V0 and

to recalibrate the plots. The rotation curves for three different
amounts of V0 are shown in Fig. 3 with different colours. We see
that, in accordance with Eqn. 22, change of V0 makes almost no
difference in the first kiloparsec, while for larger radii the spread
in Vc is by far more essential.

The bulge is strongly flattened with q ≈ 0.6, but we have
no analytic formula for general γ values (only for Hernquist and
Jaffe). The flattening leads to a reduced Bulge mass by about
10%.

We see that Jaffe model (γ = 2) has uniformly decreasing
Vc, and fails to reproduce maximum of Vc at 0.3 kpc. Dehnen
model with γ = 1.5 is also not steep enough in the first 0.2 kpc.
The models with γ = 1 (Hernquist) and γ = 0.5 fit the data
equally well. Total masses of the bulge for the best fit models
are about 2 ⊙ 1010M⊙.

3.2. Disc

The surface density for an exponential disc is given by

Σ(Y ) = Σ0e
−Y = Σsole

Y0−Y , (14)

where Y = R/Rd is nomalized radius, Y0 = R0/Rd is noma-
lized radius of Sun, and Rd is scalelength of the disc, Σ0 is the
surface density in the centre of the disc, and Σsol is the surface
density of the disc at the solar radius R0. The enclosed mass
corresponding to the density from Eqn. 14 is

Mr(Y ) = Mtot

[

1 − (1 + Y )e−Y
]

, (15)

where the total disc massMtot is

Mtot = 2πΣ0R
2
d. (16)

The rotation curve created by this mass distribution is given in
terms of modified Bessel functions bY (BT 2-169)

V 2
c =

GMtot

Rd

Y 2

2
[I0(Y/2)K0(Y/2) − I1(Y/2)K1(Y/2)] (17)

In the Besançon model (Robin et al., 2003) the authors claim that
there is a hole in the exponential disc. For simplicity we model
the hole by subtracting an exponential disc with a scale length
smaller by a factor of n and a central surface density reduced by
a factor of ϵ.

The possible shapes of rotation curve caused by disc are pre-
sented in Fig. 4. For all the curves the local surface density is
fixed at the level Σsol = 47M⊙/pc2 in accordanse to the lo-
cal disc model by Just & Jahreiß(2010). The disc scalelength is
not that well constrained. We vary it in the range 2.5-4 kpc, and
plot the results with the first four curves. The lager is the scale-
length, the smaller is the density in the inner part of the Galaxy,
and for the ranges of R and Rd under consideration, it causes
a lower circular speed Vrd, and the four curves illustrate this
trend. The next three curves illustrate discs with the same scale-
length Rd = 2.8 kpc, but with holes of different properties in
the centre. The last curve examines the case when scalelengths
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• рад. шкала (WPD)

- 0.64 kpc

• масса (WPD)

- 1.02  1010 M⊙

Widrow et al., 2008 (WPD) 7



Модель ― параметры гало

• Via Lactea II:

- Mh = 1.9 1012 M
⊙

- r200 = 402 kpc

- c = r200/ah = 13.29

- max Vc = 186 km/s

Diemand J. et al., 2008, Nature, 454, 735

 0

 50

 100

 150

 200

 0  50  100  150  200  250  300  350

V c
 h

al
o 

[k
m

/s
]

R [kpc]

VLII
NFW cut

used

• Перенормир. модель:

- Mh = 1.29 1012 M⊙

- r200 = 229.3 kpc

- c = 13.29

- max Vc = 186 km/s

Moetazedian, Just 2015, arXiv:1508.03580 8



Модель ― круговая скорость
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Модель ― устойчивость 

min Q = 1.4  at  R = 6 kpc
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N-body
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N-body ― живое гало и балдж
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Ntot Nd|Nb|Nh ε Ωp ωI

[M] [M] [pc] [km/s/kpc] [Gyr -1]

S1 5.6 1.1|0.5|4 4…117 51 3.8

S3m 16.75 6|1.5|9.25 4…117 52 3.6

B1 5.6 1.1|0.5|4 10 55 4.2

B2m 16.75 6|1.5|9.25 10 54 4.3

B3 104.5 6|1.5|97 10 55 4.4



N-body ― радиус бара
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6.5 Bars 533

Figure 6.30 Measurements of bar semi-major axes ab (horizontal axis) and corotation
radii RCR (vertical axes). Uncertainties of ±10% are assigned when errors are not quoted
in the original papers. The Hubble constant is assumed to be 70 km s−1 Mpc−1. The
ratio R = RCR/ab is constant on the dashed lines. Filled circles denote measurements
using equation (6.13) (Merrifield & Kuijken 1995; Gerssen, Kuijken, & Merrifield 1999;
Debattista & Williams 2001; Debattista, Corsini, & Aguerri 2002; Gerssen, Kuijken, &
Merrifield 2003; Aguerri, Debattista, & Corsini 2003); open circles are derived by fitting gas
kinematics to dynamical models (Hunter et al. 1988; England, Gottesman, & Hunter 1990;
Lindblad, Lindblad, & Athanassoula 1996; Laine, Shlosman, & Heller 1998; Weiner et al.
2001; Weiner & Sellwood 1999; Debattista, Gerhard, & Sevenster 2002). All measured
bar pattern speeds lie near R = 1.

of gas and potential arms, etc.) to the Lindblad or corotation resonances
(Patsis, Skokos, & Athanassoula 2003). An example of a prominent ring is
seen in NGC 2523 in Figure 6.28.

In summary, most bar pattern speeds appear to lie in the range 0.9 ∼<
R ∼< 1.3 and thus bars are fast. This is a striking result, since we shall find
that galaxies in which the mass within the disk radius is dominated by a
dark halo are expected to have slow bars (see §8.1.1d).

6.5.2 Dynamics of bars

Bars, like many elliptical galaxies, are triaxial stellar systems. However, the
dynamical structures of these two types of triaxial system are quite different,

R ⌘ RCR

Rbar
= 0.9 ... 1.3

Binney, Tremaine, 2008, p. 545



N-body ― моделирование каспа 
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• Точность вычисления потенциала

• Равновесие
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• Достаточность частиц балджа

- R > 0.1 kpc need 0.2M

- R > 0.05 kpc need 1.5M

• Смягчение гравитации

max⌦pr = 63...75 km/s/kpc , ⌦p = 56 km/s/kpc

Наши модели имеют достаточное разрешение до  0.05 … 0.1 kpc —> ILR ?!



Глобальные моды

• Матричный метод Калнайса (1971, 1977)
-  биортонормальная система   ρ,ψ (R)
-  нелинейная по отн. ω

15

||�ij �Mij(!)|| = 0

Ax = !x

Polyachenko E., Just A., 2015 MNRAS, 446, 1203 (PJ)

• Линейные матр. методы
-  Polyachenko (2004, 2005) :   collocation scheme
-  A. Jalali 

✦ ECB (2007) :  биорт. система  ρ,ψ (R);  нелинейность; без каспа
✦ FEM (2010) :  интерпол. функции Fl , Ψl (E,L);  повышенная жесткость 



N-body ― фикс. гало и балдж

16

Ntot Nd|Nb|Nh ε Ωp ωI

[M] [M] [pc] [km/s/kpc] [Gyr -1]

S2r (FP) 5.6 1.1|0.5|4 4…117 48 1.1

S4r (AX) 5.6 1.1|-|- 12 51 1.2
S5r (SP) 5.6 1.1|-|- 12 50 1.8
T1r (FP) 16.75 6|1.5|9.25 10 52 1.8
T2r (SP) 6.0 6|-|- 10 54 1.2
T3r (AX) 6.0 6|-|- 10 52 1.9

Sellwood, Debattista (2009) `Stochasticity in N-body Simulations …’ 



Глобальные моды ― орбиты (Rz)
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Глобальные моды ― орбиты R(t)
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• радиальное действие и радиальная частота не определены

• ILR не определен



Глобальные моды ― усреднение по z

19

• плотность
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Глобальные моды ― частоты
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Глобальные моды ― собств. функции
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Глобальные моды ― Ωp v.s. zd
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Глобальные моды ― ωI  v.s.  zd

23

 0

 1

 2

 3

 4

 100  150  200  250  300  350  400

ω
I [

G
yr

-1
]

zd [pc]

Matrix
6M (E)
6M (B)
3M (E)
3M (B)



Глобальные моды ― ωI v.s. Md
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Заключение ― сценарий

1. Темное гало
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2. Балдж с каспом (небольшая эллипт. галактика)

3. Медленный рост диска без неустойчивости

•  ILR не существует при  R ≲ zd

•  Объясняется недостаток баров на z > 0.5

•  Объясняется 1  R < 1.3

➡ Формирование бара  
при почти сформированном диске  (10 Gyr)


